Abstract. The initiation and majority on rough sets for algebraic hyperstructures such as hypermodules over a hyperring have been concentrated on a congruence relation. The congruence relation, however, seems to restrict the application of the generalized rough set model for algebraic sets. In this paper, in order to solve this problem, we consider the concept of set-valued homomorphism for hypermodules and we give some examples of set-valued homomorphism. In this respect, we show that every homomorphism of the hypermodules is a set-valued homomorphism. The notions of generalized lower and upper approximation operators, constructed by means of a set-valued mapping, which is a generalization of the notion of lower and upper approximations of a hypermodule, are provided. We also propose the notion of generalized lower and upper approximations with respect to a subhypermodule of a hypermodule discuss some significant properties of them.
Introduction
The rough set theory, proposed by Pawlak [26, 27] as a method for data mining in 1982, has attracted the interest of researchers and practitioners in various field of science and technology. This technique has led to many practical applications in various areas such as, but not limited to, medicine learning, knowledge discovery, economics, finance, engineering and even arts and culture [18, 22, 23, 27, 30, 31, 32, 33, 40, 41, 44] . Combined with other complementary concepts such as fuzzy sets, statistics, and logical data analysis, rough sets have been exploited in hybrid approaches to improve the performance of data analysis tools. Application of intelligent methods in industry become a very challenging issue nowadays and will be of extreme importance in the future. Intelligent methods include, fuzzy sets neural networks genetics algorithms and others techniques known as soft computing. No doubt rough set theory can also contribute essentially to this domain [25] .
The basic structure of the rough set theory [27, 29] is an approximation space consisting of a universe of discourse and an equivalence relation. It is well known that a partition induces an equivalence relation on a set and vice versa. The properties of rough sets can thus be examined via either partition or equivalence relations. The idea is to approximate a subset of a universal set by a lower approximation and upper approximation in the following manner. A partition of the universe is given. The lower approximation is the union of those members of the partition contained in the given subset and the upper approximation is the union of those members of the partition which have a non-empty intersection with the given subset. The members of the partition or equivalence classes can be formally described by unary set-theoretic operators or by successor functions for upper approximation spaces.
Rough set theory is an important technique to deal with vagueness and granularity in information systems. In rough set theory, relation-based rough sets and covering-based rough sets are two important extensions of the classical rough sets. Covering-based rough sets and formal concept analysis are two complementary tools for data analysis. This study systematically explores their connections in terms of approximation operators, structures and knowledge reduction. Lin [20] proposed a more general framework for the study of approximation operators by using the socalled neighborhood systems from a topological space. In a neighborhood system, each element of a universe is associated with a family of subsets of the universe. This family is called a neighborhood system of the element, and each member in the family is called a neighborhood of the element. Any subset of the universe can be approximated based on neighborhood systems of all elements in the universe, also see [9, 10, 33, 34] . In [4, 24, 45 ] the concept of a cover of a universe was presented to construct the upper and lower approximations of an arbitrary set. In [4] the authors mainly studied the structure of covers while in [24] the authors examined the relationship between the upper and lower approximation operators and some axioms satisfied by the traditional rough sets.
Some researches studies the algebraic properties of rough sets. Biswas and Nanda [3] applied the notion of rough sets to algebra and introduced the notion of rough subgroups. Kuroki [16] introduced the notion of a rough ideal in a semigroup. Kuroki and Wang [17] gave some properties of the lower and upper approximations with respect to normal subgroups. Mordeson [24] used covers of the universal set to define approximations operators on the power set of given set. Davvaz [5, 6] concerned a relationship between rough sets and ring theory and considered a ring as a universal set and introduced the notion of rough ideals and rough subrings with respect to an ideal of a ring [8] . Kazanci and Davvaz [13] introduced the notion of rough prime (primary) ideals and rough fuzzy prime (primary) ideals in a ring and gave some properties of such ideals.
A systemic study of generalized rough sets based on arbitrary binary relations was first presented by Yao and Lin [38] , who based their study on modal logic, but the binary relations in the theory of Modal logic are restricted to finite universes. Lin gave the axioms for binary relations in [19] by two Axioms; We use the same axioms in Section 4. Note that there are two kinds of mathematical objects, pretopological spaces and binary relations, that behave the same from rough set point of view [21] . A model for generalized rough sets based on a binary relation over two universes, or equivalently a many-valued mapping, were first studied by Wong, Wang and Yao; for more information see the book [39] . Also see [16, 28, 42, 43] .
The independence of an axiom set for generalized approximation operators is also an important issue in the axiomatic approach that can be observed in [37] .
By considering the notion of Γ-semihypergroups Anvarieh, Mirvakili and Davvaz introduced a relationship between rough sets and hyperstructures. They defined the notion of rough Γ-hyper ideals with respect to an Γ-hyperideal of an Γ-semihypergroup, which is an extended notion of ideal in semigroup and they gave some properties of the lower and the upper approximations in Γ-semihypergroups [1] .
However, equivalence relations are too restrictive for many applications: for instance, in existing databases, the values of attributes could be either symbolic or real-valued. Rough set theory would have difficulty in handling such valued. To address this issue, several known generalizations of the rough model have been reported in the literature. For instance, the notions of approximations are extended to general binary relations, covering, neighborhood systems, completely distributive lattices, fuzzy lattices, set-valued functions and Boolean algebra [4, 33, 32] . Davvaz introduced the concept of a set-valued homomorphism for groups, which is a generalization of ordinary homomorphism. In [7, 36] , The concepts of set-valued and strong set-valued homomorphism of a group and of a ring are studied and related properties are investigated. The notions of generalized lower and upper approximation operators, constructed by means of a set-valued mapping, which is a generalization of lower and upper approximations of a ring, are provided. Hooshmandasl et al. [12] introduced some axiomatic systems of lower and upper approximation operators in rough set theory and applied the axiomatic systems of generalized rough sets for definitions of generalized lower and upper approximations with respect to an ideal of a ring.
Rough modules have been investigated by Davvaz and Mahdavipour [11] , also see [14] . In [35] , the concepts of set-valued homomorphism and strong set-valued homomorphism of a module were introduced. The generalized lower and upper approximation operators, which are generalizations of the lower and upper approximations of a module that are constructed using a set-valued mapping, were presented. The authors proposed generalizing the lower and upper approximations with respect to a submodule of a module.
In applied mathematics we encounter many examples of mathematical objects that can be added to each other and multiplied by scalar numbers. First of all, the real numbers themselves are such objects. Other examples are real-valued functions, the complex numbers, infinite series, vectors in n-dimensional space, and vector-valued functions [11] . So, in this paper we discuss a general mathematical concept, called a hypermodule over a hyperring, which includes all those examples and many others as special cases. One of the primary motivations of this work is to apply the axiomatic system for generalized rough sets for defining generalized lower and upper approximations with respect to a subhypermodule of a hypermodule. This paper is structured as follows. After the introduction, we present some basic definitions and then we study the concepts of set-valued and strong set-valued homomorphisms of a hypermodule as a generalization of a hypergroup (group) and a generalization of a module and investigate some related properties. We also propose the notion of generalized lower and upper approximations with respect to a subhypermodule of a hypermodule and discuss some significant properties of them.
Basic definitions
In this section, we present the basic definitions of algebraic hyperstructures. Note that in hyperstructures we use hyperoperation. In ordinary algebra the composition of two elements is an element, meanwhile in algebraic hyperstructures the composition of two elements is a set. A hypergroupoid (H, +) is called a semihypergroup if for all x, y, z of H, we have (x+y)+z = x+(y+z). A semihypergroup (H, +) is said to be a canonical hypergroup if (1) for every x, y ∈ H, x + y = y + x; (2) there exists 0 ∈ H such that 0 + x = x for all x ∈ H; (3) for every x ∈ H there exists a unique element x ∈ H such that 0 ∈ x + x (we shall write −x for x and we call it the opposite of x); (4) for every x, y, z ∈ H, z ∈ x + y implies y ∈ −x + z and x ∈ z − y. Now, we recall the definition of hyperring and hypermodule (for more results, see [2] ). Definition 2.2. Let R be a non-empty set and + be a hyperoperation and · be an operation on R. (R, +, ·) is called a hyperring if (1) (R, +) is a hypergroup, such that 0 ∈ x + x ; (2) Relating to the multiplication, (R, ·) is a semigroup having zero as a bilaterally absorbing element; (3) the multiplication is distributive with respect to the hyperoperation +. R is a hyperring with identity if there exists 1 R ∈ R, such that for any r ∈ R, we have r ∈ 1 R · r. Definition 2.3. Let M be a hypergroup. M is said to be a left hypermodule over a hyperring R if there exists
such that for all a, b ∈ R and m 1 , m 2 , m ∈ M, we have
M is said to be a unitary hypermodule over a hyperring R if for any m ∈ M , m ∈ 1 R · m.
Throughout this paper, M is a hypermodule over a hyperring R and 'R-hypermodule' (or hypermodule over a hyperring R) means 'left R-hypermodule'.
Let A be a non-empty subset of a left R-hypermodule M.
and it is called the quotient R-hypermodule of M by A.
Let A and B be two non-empty subsets of R and S be a non-empty subset of M .
Then, any element of M of the form
r i s i with r 1 , . . . , r n ∈ I and s 1 , . . . , s n ∈ S is a linear combination in I, or simply an I-linear combination of S. We denote the set of all such I-linear combinations of S by IS. A non-empty subset A of a hypermodule M is an R-subhypermodule (or simply subhypermodule) if a − b ⊆ A and ra ⊆ A, for all a, b ∈ A and r ∈ R.
Let f be a mapping of an R-hypermodule M to an R-hypermodule N such that f (x + y) = f (x) + f (y) and f (rx) = rf (x), for all x, y ∈ M and r ∈ R. Then f is called an R-hypermodule homomorphism.
Generalized approximation space
Let U and W be two non-empty universes. A subset ρ ∈ P(U × W ) is referred to as a binary relation from U to W . The relation ρ is referred to as serial if for all x ∈ U there exists y ∈ W such that (x, y) ∈ ρ. If U = W , then ρ is referred to as a binary relation on U . ρ is referred to as reflexive if for all x ∈ U , (x, x) ∈ ρ; ρ is referred to as symmetric if for all x, y ∈ U , (x, y) ∈ ρ implies (y, x) ∈ ρ; ρ is referred to as transitive if for all x, y, z ∈ U ; (x, y) ∈ ρ and (y, z) ∈ ρ imply (x, z) ∈ ρ.
A Pawlak approximation space is an ordered pair (U, ρ), where U is a non-empty finite set of object called the universe and ρ is an equivalence relation on U , i.e., ρ is reflexive, symmetric and transitive. For each subset A of U , its lower and upper approximations are defined by Let U and W be two non-empty universes. Let T be a set-valued mapping given by T : U → P(W ). Then, the triple (U, W, T ) is referred to as a generalized approximation space. Any set-valued function from U to P(W ) defines a binary relation from U to W by setting ρ T = {(x, y)|y ∈ T (x)}. Obviously, if ρ is an arbitrary relation from U to W , then it can be defined as a set-valued mapping T ρ : U → P(W ) by T ρ (x) = {y ∈ W |(x, y) ∈ ρ}, where x ∈ U . For any set A ⊆ W , a pair of lower and upper approximations, T (A) and T (A), are defined by
Then pair (T (A), T (A)) is referred to as a generalized rough set, and T and T are referred to as lower and upper generalized approximation operators, respectively.
From the definitions of lower and upper generalized approximation operators, the following theorem can be easily derived [7, 36, 37] .
Theorem 3.1. Let (U, W, T ) be a generalized approximation space, its lower and upper generalized approximation operators satisfy the following properties: for all A, B ∈ P(W ),
where, A c is the complement of A. Properties (L1) and (U1) show that T and T are dual approximation operators. Remark 1. Let (U, W, T ) be a generalized approximation space, for all A i ∈ P(W ), where i ∈ I and I is an index set, we have
Suppose that ⊕ is a binary hyperoperation on W . Then for any set-valued mappings T : U → P(W ) and S : U → P(W ), the sum T ⊕S is defined as set-valued mapping
Definition 3.3. Let U , W and K be non-empty universes. Let T : U → P(W ) and S : W → P(K) be two set-valued mappings. Then the set valued mappings S •T defined by S •T (a) = b∈T (a) S(b) for all a ∈ U , is called the composition of T and S.
Set-valued homomorphism in hypermodules
Let A be a subhypermodule of M and X be a non-empty subset of M . Then, the sets
where a + A is an element of quotient hypermodule M/A, are lower and upper approximations of set X with respect to the subhypermodule A. They also gave some properties of the lower and the upper approximations in an R-hypermodule. Rough sets were originally proposed in the presence of an equivalence relation. An equivalence relation is sometimes difficult to be obtained in real-world problems due the vagueness incompleteness of human knowledge. From this point of view, we introduce the concept of set-valued homomorphism of hypermodules and give some examples of set-valued homomorphism. We show that every homomorphism of the hypermodules is a set-valued homomorphism. We also investigate some basic properties of generalized lower and upper approximation operators for hypermodules. First, we give some useful definitions, which will be used in the following sections. 
for all a, b ∈ M and r ∈ R. A set-valued T is called a strong set-valued homomorphism if we replace inclusion by equality.
By Definition 4.1, it is easy to verify that T (0)( = ∅) is a subhypermodule of N for every set-valued homomorphism T . Example 1. (1) Let A be a subhypermodule of a hypermodule M and T : M → P(M ) be a set-valued function defined by T (a) = a + A. Then T is a set-valued homomorphism and T (X) = Apr A (X) and T (X) = Apr A (X).
(2) Let M and N be two hypermodules. Then the set-valued mapping T : M → P(N ) defined by T (a) = N is a set-valued homomorphism. If N is an unitary R-hypermodule, then T is a strong set-valued homomorphism.
(3) Let M and N be two hypermodules. Then the set-valued mapping T : M → P(N ) defined by T (a) = {0} is a strong set-valued homomorphism.
Proposition 4.2. Let f : M → N be an R-hypermodule homomorphism. Then the following hold:
(1) The set-valued mapping
(5) If A is a subhypermodule of N , then the set-valued mapping
Proof. The proof is straightforward.
Lemma 4.3. Let M and N be two R-hypermodules such that (M, +) be a group. If T : M → P(N ) is a set-valued homomorphism and
Proof. Suppose that p is any element of
Theorem 4.4. Let M and N be two R-hypermodules such that (M, +) be a group,
Proof. By using the definition of strong set-valued homomorphism, we obtain T (0) = T (0·0) = 0·T (0) = {0}. From Lemma 4.3, we obtain that T (x) has a single element. If T : M → P(N ) is a strong set-valued homomorphism, then we define that f : M → N by f (x) = p, where T (x) = {p}. Then, it is easily verified that f is a hypermodule homomorphism and T = T f .
The proofs of following propositions are similar to the proofs of Propositions 3.6, 3.7 and 3.8 in [35] .
Proposition 4.5. Let M and N be two R-hypermodules and T : M → P(N ) and S : M → P(N ) be two (strong) set-valued homomorphisms. Then T +S is a (strong) set-valued homomorphism. Proposition 4.6. Let M , N and K be R-hypermodules and T : M → P(N ) and S : N → P(K) be two set-valued homomorphisms. Then S •T is a set-valued homomorphism. Example 2. Let R be a hyperring and M = R and N = R 2 be two R-hypermodules. Let (a, b) ∈ R 2 and T : R → P(R 2 ) be a set-valued function by T (c) = {(x, y)|c ∈ ax + by}. Then T is a set-valued homomorphism. 
An equivalence relation on M is called a strongly regular relation if for all a, b ∈ M and r ∈ R, we have the following properties:
Example 3. [2] . Let M be an R-hypermodule. Let θ * be the fundamental relation on M . Then θ * is a strongly regular relation on M .
Proposition 4.9. Let θ be a strongly regular relation on a hypermodule M . Then
for all a, b ∈ M and r ∈ R.
Corollary 4.10. Let θ be a strongly regular relation on a hypermodule M . Define
Proof. The proof follows from Proposition 4.9.
Note that Corollary 4.10 shows that every strongly regular relation may be considerd as a set-valued homomorphism. On the other hand, a strongly regular relation is important in algebraic systems. So, set-valued homomorphism is interesting for pure algebraic systems.
The following examples show that the set-valued homomorphism T θ in Corollary 4.10 may not be a strong set-valued homomorphism.
Example 4. Let Z×Z be an Z-hypermodule with the scalar hyperoperation r·(x, y) = {(0, z)|z ∈ Z}. Consider the relation θ on Z × Z defined as the follows:
Then, θ is a strongly regular relation, but 2·[(0, 0)] θ = {(0, z)|z ∈ Z} and [2·(0, 0)] θ = {(4k, z)|k, z ∈ Z}. Now, we will study some properties of the generalized upper and lower approximation operators by a set-valued homomorphism. Proof.
(1) Suppose that x, y ∈ T (A) and r ∈ R. Then T (x) ∩ A = ∅. Hence, there exist a ∈ T (x) ∩ A and b ∈ T (y) ∩ A, which implies that
(2) Suppose that x, y ∈ T (A) and r ∈ R. Then, T (x) ⊆ A and T (y) ⊆ A. Since A is a subhypermodule of N and T is a strong set-valued homomorphism, we have
Hence, x − y, r · x ⊆ T (A). Therefore, T (A) is a subhypermodule of M .
Proposition 4.12. Let M, N be two R-hypermodules and T : M → P(N ) be a set-valued homomorphism. If A and B are two non-empty subset of N and I is a non-empty subset of R, then
T (A) + T (B) ⊆ T (A + B);
2. r · T (A) ⊆ T (r · A), for any r ∈ R;
I · T (A) ⊆ T (I · A);

−T (A) = T (−A).
Proof. (1) Assume that x is any element of T (A) + T (B)
. Then x ∈ y + z with y ∈ T (A) and z ∈ T (B). So, T (y) ∩ A = ∅ and T (z) ∩ B = ∅. Then, there exist elements a, b such that a ∈ T (y) ∩ A and b ∈ T (z) ∩ B. Therefore, a + b ⊆ A + B, a + b ⊆ T (y + z), imply y + z ⊆ T (A + B) and so x ∈ T (A + B). The proofs of (2), (3) and (4) are similar to the proof of (1).
Proposition 4.13. Let T : M → P(N ) be a strong set-valued homomorphism. If A and B are two non-empty subset of N and I is a non-empty subset of R, then
T (A) + T (B) ⊆ T (A + B);
I · T (A) ⊆ T (I · A);
−T (A) = T (−A);
Proof.
(1) Assume that x be any any element of T (A) + T (B). Then x ∈ y + z with y ∈ T (A) and z ∈ T (B). Then, T (y) ⊆ A and T (z) ⊆ B. Hence,
The proofs of (2), (3) and (4) are similar to the proof of (1). Proof. The proof is straightforward by Theorem 4.11.
Example 6. Consider Z 4 × Z 4 as a Z-hypermodule by defining the scalar hyperoperation r · (x, y) = {(0, z)|z ∈ Z 4 } for all r ∈ Z and x, y ∈ Z 4 . Let Z 4 be a Z-module by defining r · x = 0 for all r ∈ Z and x ∈ Z 4 . Define the map T :
Then T is uniform, but it is not a strong set-valued homomorphism.
Let M and N be two hypermodules and A be a subset of N . Let T : M → P(N ) be a set-valued mapping. If T (A) and T (A) are subhypermodules of M , then we call T (A), T (A) a generalized rough subhypermodule. Note that a generalized rough subhypermodule is also called a generalized rough hypermodule.
The following corollary follows from 4.11. 
Generalized upper and lower homomorphic operator
Definition 5.1. Let U and W be two universal sets and {A i } i∈I be any collection of subsets of W . A mapping L : P(W ) → P(U ) satisfying
is called a lower approximation operator, and a mapping H : P(W ) → P(U ) satisfying
c , for every subset A of W, then we say that H and L are dual approximation operators of each other.
Example 7. Let H : P(Z) → P(Z m ) be defined by H(A) = {r m (x)|x ∈ A}, where r m (x) is the remainder of x modulo m and A is any subset of Z. Then, H is an upper approximation operator. For example, let m = 7, A 1 = {9, 8}, and A 2 = {8, 18}. Then, we have H(A 1 ) = {1, 2}, H(A 2 ) = {1, 4}, and
In the following, the proofs of Theorems 5.2 and 5.4 can be found in Yao's papers (for example, see [39] ). Example 8. Suppose that L : P({a, b, c}) → P({x, y, z, t}) is defined by
We can see that L is a lower approximation operator. By the proof of Theorem 5.2 we can construct the corresponding set-valued mapping T : {x, y, z, t} → P({a, b, c}) using the formula T (r) = {s|r ∈ L(s c )} as follows:
For the upper approximation, we have the following dual result.
Theorem 5.4. Let U and W be two non-empty universal sets and H : P(W ) → P(U ) be a unary operator. Then, there exists a unique set-valued mapping T : U → P(W ) such that H(Y ) = T (Y ) for every subset Y of W if and only if H is an upper approximation operator.
Corollary 5.5. Let (U, W, T ) be a generalized approximation space and the mapping H : P(W ) → P(U ) be defined by H(A) = T (A), for every A ⊆ W. Then, H is an upper approximation operator.
Theorem 5.6. Let L : P(W ) → P(U ) be a lower approximation operator and H be its dual. Then, for every A, B ∈ P(W ),
Definition 5.7. Let M and N be two R-hypermodules and H : P(N ) → P(M ) is an upper approximation operator. The operator H is called a generalized upper homomorphic operator, if for all I ⊆ R and A, B ⊆ N,
I · H(B) ⊆ H(I · B),
−H(A) = H(−A),
In the similar way we define a generalized lower homomorphic operator.
Theorem 5.8. Let R be a ring, M be an R-hypermodule and N be an R-module. If H : P(N ) → P(M ) is a generalized upper homomorphic operator, then there is a unique set-valued homomorphism T : M → P(N ) such that H(A) = T (A).
Proof. According to Theorem 5.4, there exists a unique set-valued mapping T : M → P(N ) such that H(A) = T (A). We prove that T is a set-valued homomorphism.
1. For all a, b ∈ M , T (a)+T (b) ⊆ T (a+b). Suppose that x ∈ T (a)+T (b), then there exist u ∈ T (a) and v ∈ T (b) such that x = u + v. Hence, a ∈ T ({u}) and b ∈ T ({v}), which implies that a+b ∈ T ({u})+T ({v}). By condition 1 of Definition 5.7, we have a + b ⊆ T ({u + v}). This result implies that
2. For all r ∈ R and a ∈ M , we show that r · T (a) ⊆ T (r · a). Let x ∈ r · T (a) then there exists u ∈ T (a) such that x = r · u. Hence, a ∈ T ({u}) and so by condition 2 of Definition 5.7, we have r · a ⊆ r · T ({u}) = T ({r · u}). This implies that T (r · b) ∩ {r · u} = ∅. Since r · u is singleton therefore x = r · u ∈ T (r · a).
3. We show that for every a ∈ M , −T (a) = T (−a).
The above three results prove that T is a set-valued homomorphism.
Example 9. If N is an R-hypermodule then Theorem 5.8 is not true. Let R = (Z, +, ) by x y = 0, then M = R is an R-module. Set N = (Z, ⊕) by
for every x, y ∈ N. For every r ∈ R and a ∈ N we define r · a = 0, then N is an R-hypermodule. Let H : P(N ) → P(M ) defined by H(A) = A for every A ∈ P(N ). Then H is generalized upper homomorphic operator. By Theorem 5.4, there exists a unique set-valued mapping T :
Therefore for every a ∈ M, T (a) = {a}. But T is not a set-valued homomorphism. In fact, T (1) ⊕ T (1) = 1 ⊕ 1 = Z and T (1 + 1) = {2}.
Theorem 5.9. Let R be a ring, M be an R-hypermodule, N be an R-module and L : P(N ) → P(M ) be an lower approximation operator. If L and its dual are generalized lower and upper homomorphic operators, respectively, then there is a unique strong set-valued homomorphism T :
2. The proof is similar to the proof of (1).
Theorem 5.11. Let T : M → P(N ) be a set-valued homomorphism and the mapping H : P(N ) → P(M ) be defined by H(A) = T (A) for every A ⊆ N. Then, H is a generalized upper homomorphic operator.
Proof. We have
H(
, where {A i } i∈I is any collection of subsets of N . Thus, H is a generalized upper homomorphic operator.
By Proposition 4.12, for every A, B ⊆ N and I ⊆ R, we have
−H(A) = −T (A) = T (−A) = H(−A).
Theorem 5.12. Let T : M → P(N ) be a strong set-valued homomorphism and the mapping L : P(N ) → P(M ) be defined by L(A) = T (A) for every A ⊆ N. Then, L is a generalized lower homomorphic operator.
L(
By Proposition 4.13, for every A, B ⊆ N and I ⊆ R we have 6 Generalized lower and upper approximation operators with respect to subhypermodule
In this section, will introduce new generalized lower and upper approximation operators, constructed by means of a set-valued homomorphism, with respect to subhypermodule of a hypermodule which is an extended notation of rough submodule introduced lately by Davvaz and Mahdavipour [11] , and we give some basic properties of this new algebraic hyperstructures. Let M, N be two hypermodules, A be a subhypermodule of N and and T : M → P(N ) be a set-valued mapping. Then we define T A : M → P(N ) as T A (x) = T (x)+A for all x ∈ M. T A is called the set-valued mapping with respect to subhypermodule I. If X is a non-empty subset of N . Then, the sets T A (X) = {a ∈ M |T (a) + A ⊆ X} and T A (X) = {a ∈ R|T (a) + A ∩ X = ∅} are called generalized lower and upper approximations of X, respectively, with respect to the subhypermodule A.
It is easy to see that
Now, we consider an example of the generalized lower and upper approximations regarding to hypermodules.
Example 10. Let Z × Z × Z be a Z-hypermodule by the scalar hyperoperation r · (x, y, z) = (rx, ry, Z). Set A = {(a, a, z)|a, z ∈ Z}, then A is a subhypermodule of M . Now, we consider the set-valued homomorphism defined by
Assume that X = {(1, 0, z)|z ∈ Z} and Y = {(x, y, z)| 2|x + y}, Then the generalized lower and upper approximations of the set X and Y calculated as the follows:
Lemma 6.1. Let A and B be two subhypermodules of N such that A ⊆ B and X be a subset of N . Then,
The following corollary follows by Lemma 6.1
Corollary 6.2. Let A and B be two subhypermodules of N and X be a subset of N . Then,
The next example shows that in Corollary 6.2, may equality does not happen:
Example 11. Let X, Y and A be sets defined in Example10 and Let B = N and
Theorem 6.3. Let A and B be two subhypermodules of N and X be a subset of N .
1. Let T : M → P(N ) be a set-valued homomorphism. Let X be a subhypermodule of N . Then T A (X) is, if it is non-empty, a subhypermodule of M .
2. Let T : M → P(N ) be a strong set-valued homomorphism and X be a subhypermodule of N such that A ⊆ X. Then T A (X) is, if it is non-empty, a subhypermodule of M .
(1) Let a, b ∈ T A (X) and r ∈ R. Then (T (a)+A)∩X = ∅ and (T (b)+A)∩X = ∅. So, there exist x ∈ (T (a) + A) ∩ X and y ∈ (T (b) + A) ∩ X. Since X is a subhypermodule of N , we have x−y ⊆ X and
(2) Let a, b ∈ T A (X) and r ∈ R. Then T (a) + A ⊆ X and T (b) + A ⊆ X. It is easy to see that
Proposition 6.4. Let A be a subhypermodules of N and X, Y be non-empty subset of N .
If
Proof. 
The proof is similar to the proof of (1).
Example 12. This example shows that in Corollary 6.2, may equality does not hap-
Proposition 6.5. Let A and B be two subhypermodules of M and X be a subhypermodule of N .
2. Let T : M → P(N ) be a strong set-valued homomorphism, T A (X) + T B (X) = T A+B (X).
(1) Since A ⊆ A+B and B ⊆ A+B, then by Lemma 6.1 (2), we have T A (X) ⊆ T A+B (X) and T B (X) ⊆ T A+B (X). So, we obtain T A (X) + T B (X) ⊆ T A+B (X).
(2) Since A ⊆ A+B and B ⊆ A+B, then by Lemma 6.1 (1), we obtain T A+B (X) ⊆ T A (X) T A+B (X) ⊆ T B (X) and so T A+B (X) ⊆ T A (X) + T B (X). Now, let x ∈ T A (X) + T B (X). Then, x ∈ a + b for some a ∈ T A (X) and b ∈ T B (X). Hence, (T (a) + A) ⊆ X and (T (b) + B) ⊆ X. So, T (x) + A + B ⊆ T (a + b) + A + B = T (a) + T (b) + A + B = T (a) + A + T (b) + B ⊆ X + X = X, which implies that x ∈ T A+B (X). Therefore, we obtain T A (X) + T B (X) = T A+B (X).
The next example shows that in part (1) of Proposition 6.5, may equality does not happen:
Example 13. Let M = R, N = R × R and T (a) = {(a, a)|a ∈ R}. Set A = 0 × R, B = R × 0 and X = {(0, 0)}. Then T A (X) = {0}, T B (X) = {0}, T A (X) + T B (X) = {0}, T A+B (X) = R.
Theorem 6.6. Let M, N be two hypermodules and A be a subhypermodule of N . If H : P(N ) → P(M ) is an upper approximation operator such that H(X) = H(X + A) for every subset X of N, then there is a set-valued mapping T : M → P(N ) such that H = T A , i.e., H is a generalized upper approximation operator with respect to subhypermodule A.
Proof. By Theorem 5.4, there is a unique set-valued mapping T : M → P (N ) such that H = T . Now, we show that T A (x) = T (x), which implies that H = T A . It is obvious that T (x) ⊆ T A (x) = T (x) + A for any x ∈ M, because we have 0 ∈ A. Let u be an arbitrary element of T A (x) = T (x) + A. Then, there exist y ∈ T (x) and a ∈ A such that u ∈ y + a, and so y ∈ u − a. Thus, we have x ∈ T (y) or equivalently, x ∈ T (u − a). Therefore, we have x ∈ T (u + A). Because H = T , by the assumption of the theorem, we obtain x ∈ T (u), which implies that u ∈ T (x). Hence, T A = T.
Definition 6.7. The operator H in Theorem 6.6 is called an upper approximation operator with respect to subhypermodule A.
Corollary 6.8. Let M, N be two hypermodules, A be a subhypermodule of N , and H : P(N ) → P(M ) be a generalized upper approximation operator. If H A : P(N ) → P(M ) is defined by H A (X) = H(X + A) for all A ⊆ S, then H A is an upper approximation operator with respect to the subhypermodule A.
Proof. We have Theorem 6.9. Let H : P(N ) → P(M ) be a generalized upper approximation operator and A, B be two subhypermodules of N such that A ⊆ B. Then, for any non-empty subset X of N, we have H A (X) ⊆ H B (X).
Proof. By Corollary 6.8, H A and H B are upper approximation operators with respect to subhypermodules A and B, respectively. Additionally, by Theorem 6.6, there is a set-valued mapping T : M → P (SN ) such that H A = T A and H B = T B . The remainder of the proof follows from Lemma 6.1.
Corollary 6.10. Let H : P(N ) → P(M ) be a generalized upper approximation operator and and A, B be two subhypermodules of N . Then, for any non-empty subset X of N , we have H (A∩B) (X) ⊆ H A (X) ∩ H B (X).
Conclusion
In a classical algebraic structure, the composition of two elements is an element, while in an algebraic hyperstructure, the composition of two elements is a set. On the other hand, in applied mathematics we encounter many examples of mathematical objects that can be added to each other and multiplied by scalar numbers. So, in this paper, the concept of rough sets for algebraic hyperstructures such as hypermodules over a hyperring have been concentrated on a congruence relation. In this respect, the notions of generalized lower and upper approximation operators, constructed by means of a set-valued mapping, which is a generalization of the notion of lower and upper approximations of a hypermodule, are provided. We also proposed the notion of generalized lower and upper approximations with respect to a subhypermodule of a hypermodule and discuss some significant properties of them.
